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NATTONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE 2455

A METHCD OF DESIGNING TURBOMACHINE BLADES WITH A DESIRABLE
THICKNESS DISTRIBUTION FOR COMPRESSIBLE FLOW ALONG AN
ARBITRARY STREAM FILAMENT OF REVOLUTION

By Chung-Hua Wu and Curtis A. Brown

SUMMARY

A rapid method for designing turbomachine blades of a given turning
and a desirable blade-thickness distribution for a compressible non-
viscous fluid flow along an arbitrary stream filament of revolution is
presented. The method utilizes the guiding effects of the blade shape
on the mean streamline shape and of the blade thickness on the specific
mass flow along the mean streamline. After the flow on the mean stream-
line is determined, the 'extension of the solution from the mean stream-
line to the blade surfaces is accomplished by the use of a power series.
A number of blade profiles are obtainable for the total mass-flow
requirement, and one is chosen for the best velocity distribution on
the blade. The results obtained in the solution can be used for a
direct check on the accuracy of series approximation and, alsc, for
the more accurate determination of the velocity distribution along the
leading and trailing edges of the blade.

The method is illustrated with the design of several turbine cas-
cades of highly cambered thick blades. The determination of the shape
of the blades and the compressible flow past the blades was carried out
by hand computation in 16 hours. One solution obtained by using three
terms in the power series compared very well with an available direct
solution and the blade circulation checks closely the specified turning
angle.

Because the surface of revolution, on which the blades are located,

is completely arbitrary, the method can be applied to axial-flow,
radial-flow, and mixed-flow turbomachines. The variation in the normal
distance between the stream surfaces of revolution can be taken into
account, thus incorporating into the design the principal effect of
three-dimensional flow. The method is readily applied to the design of
channels on a plane and on a general surface of revolution.




2 NACA TN 2455

INTRODUCTION

The increasing use of compressors and turbines in aircraft power
plants during the past 10 years has led to considerable research in the
direct and inverse problems of two-dimensional potential flow past an
infinite cascade of airfoils. 1In the inverse problem, the design of
blades is often directed at control of the pressure or velocity distri-
bution on the blade. Most of the methods are derived for axial-type
turbomachines, in which the flow is assumed to take place on cylindrical
surfaces (methods for incompressible and compressible flow are discussed
in references 1 to 7 and 8 to 11, respectively). Methods for designing
blades in a radial plane are given in references 12 and 10.

In current axial- and radial-flow turbomachines, the flow surfaces
are usually of a more general shape than either cylindrical or radial.
Furthermore, the normal distance between adjacent flow surfaces varies
along the flow path. A method was therefore developed at the Lewis
laboratory for the design of blades for compressible flow along an
arbitrary stream filament of revolution. Instead of the velocity
distribution on the blade being the required result, the blade design
is aimed at a desirable blade-thickness distribution required with
respect to blade strength and Mach number in general and also the cool-
ant passage requirement in the case of cooled turbine blades. The com-
putation involved in this method is relatively simple and short, and
the usual assumption of a linear pressure-volume relation for compres-
sible flow is not required.

For clarity and simplicity the method will first be given for
compresgible flow on a plane or a cylindrical surface and will be
illustrated by a few examples. The method will then be given for the
general case of compressible flow along an arbitrary stream filament of
revolution.

SYMBOLS
The following symbols are used in this report:

B differentiation coefficient

H total enthalpy, h + % V2

relative total enthalpy, h + = W2
? 2

h static enthalpy

€222
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I h + % W’2 - % wzrz

L blade length projected on turbomachine axis

1, orthogonal coordinates on mean surface of revolution

M mass flow

P pitch or spacing

jo! static pressure of gas

r radial distance from axis of turbomachine

S " streamline

€ blade thickness in circumferential direction

v absolute velocity of gas

W velocity of gas relative to blade -

y distance in direction of pitch for plane flow and equal to r®
for flow on cylindrical surface

z distance along axis of turbomachine

B flow angle on stream surface, tan'l %f or tan~l %%

P density of gas

(o] angle between tangent to meridional curve and axis, tan~1 ;r

z

T aormal thickness of stream filament of revolution

T ratio of specific heats

] stream function

i\ angular velocity of blade

Superscript:

*

dimensionless value
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Subscripts:
e exit
i inlet

1,99 meridional and circumferential components

m mean streamline

P pressure surface of blade
5 suction surface of blade

T total or stagnation state
y y~component

z z-component

DESIGNING BLADES FOR COMPRESSIBLE FLOW IN PLANE
OR ON CYLINDRICAI SURFACE
General Description of Method

In a recent investigation of compressible flow through a typical
cascade of turbine blades (reference 13), the following results were
obtained:

{1) The shape of the mean streamline follows approximately that of
the mean channel line of the cascade and has a lower curvature.

(2) The variation of the ratio of the specific mass flow on the
mean streamline to its inlet value follows the trend in the variation
of the ratio of pitch to channel width (inside the channel the ratio of
the specific mass flow is about 4 percent greater than the ratio of
pitch to channel width).

(3) The variation in fluid properties across the channel can be
represented by a second-degree function for engineering accuracy.

These results were used herein to develop a rapid method for
designing cascade blades for either compressible or incompressible flow.

This method of blade design starts with the calculation of the com-
Pressible flow on the mean streamline. With the flow angle upstream

2223



/9222‘

NACA TN 2455 5

and downstream of the blade determined by the velocity diagram and the
pitch and the axial length of the blade given, a particular mean stream-
line shape may be sketched by the designer. The designer may use the
shape of the mean streamline itself as a parameter of the cascade or
may specify the mean streamline shape according to figure 17 or refer-
ence 13 (or even better according to any available relation of a simi-
lar blading) to lead to a certain blade camber line. (If only a number
of points of this streamline are specified, it is important that the
values given are numerically smooth). In addition to the mean streamline
shape the designer further specifies at a finite number of points along
the mean streamline (such as Zy -« o+ Z9g in fig. 1), the ratio of

specific mass flow on the mean streamline to inlet value. The values
of the specific mass flow on the mean streamline are determined by the
blade-thickness distribution which is desirable from the consideration
of blade stress and Mach number in general, and the consideration of
the additional requirement of coolant passage in the case of cooled
turbine blades, and by a relation between blade-thickness distribution
and specific mass flow on the mean streamline, such as shown in fig-
ure 19 of reference 13.

With these specified values, the velocity components and the density
are very easily determined at the specified points on the mean stream-
line. The variation of velocity components and density in the pitch
direction are then obtained by using power series in that direction.
The derivatives in the series are determined from the fluid state on
the mean streamline by the use of equations of continuity and motion
and the density-velocity relation for isentropic flow. A number of
blade profiles and their velocity distributions are obtained by inter-
preting the starting mean streamline as dividing the inlet mass flow
into two slightly different amounts in the channel. The velocity dis-
tributions on the blades are compared and the best one is chosen. If
the blade shape, the thickness distribution, or the velocity distri-
bution around the blade obtained requires some modification, the
values specified for the mean streamline should be modified and the
process repeated. Because of the relatively short computation involved
(in the illustrative examples of turbine blades, only 16 hours were
required for the compressible solution by using the first three terms
in the series and 6 to 10 stations inside the channel), modifications
of the solution for more desirable blade thickness or velocity distri-
bution is practical. Families of blade elements can be built up very
quickly this way for any particular application.

Basic Relations

The steady two-dimensional isentropic flow of a nonviscous fluid
in a plane or on a cylindrical surface is governed by the following
equations of continuity and irrotational motion, and the isentropic
pressure-density relation:
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(1)

0z oy
oW, OW
Y _
% "% - (2)
p = Kp' (3)

In these equations, the z coordinate is chosen along the machine axis
and the y coordinate is chosen along the pitch direction (y = r@ in
the case of cylindrical flow with r equal to a constant).

Consider first the gas flow along a streamline somewhere in the
midpart of the channel formed by two neighboring blades, such as ab
in figure 1. The coordinates of the streamline and their differentials
are related, respectively, by the following two equations:

S(z,y) = 0 (4)

g—i’-dz+g—§dy=0 (5)

When the variation of the fluid state along the streamline is considered,
any quantity g on the streamline is a function of 2z only, that is,

q = qz,5(2) (6)

The total derivative of q with respect to z is

dg _ 9, 9a dy
&z~ 3z dy dz (7)
But
08
W
g Jz
T=-5=:"=tanp (8)
5 z
Hence equation (7) may be written as
d
E% = g% + tan B %% (9)

When equation (9) is used, the continuity and irrotationality relations
can be written as

€232
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d(oW,,) o(pWz)  o(eWy)
& SRty O (10)
and
dw, oW oW
y Z . My
az 5y - tan B Ty =0 (ll)

The variation of density throughout the flow region can be most
conveniently expressed in terms of its inlet value through the use of
equation (3) as follows:

-1
Pn Pm 2
o* = L _ T,i p _ 7,1 1 - W (12)
p Py P P;
i

A tabulated general relation of p/p T,i in equal intervals of W2/HW

can first be calculated from which elther a table for p/p in equal

intervals of W Or a graph can be.easily constructed for each indi-
vidual case and used for the evaluation of density from the velocity.

Along the chosen (mean) streamline, where the slope is known and
pWZ is given at a number of stations, the density at these stations can

be obtained as follows: Rewrite equation (12) as

W 2 -1
Z,1 LTI
1 - e (p W, " sec 3)

*x _ P ZHyo

pr = = (12a)
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Either equation (lZa) is used to prepare a table of p"l for equal inter-
vals of (p*WZ* sec B) by an iterative process, or equation (12b) is
used to compute p*Wz* sec B for a number of values p*, which are
then plotted as a graph. After densities have been obtained from either
a table or graph, the velocity components on the chosen (mean) stream-
line are readily computed. The fluid state is then extended out in the
pitch direction by the equations given in the next section (compare with

references 14 and 15).

Variation of Fluid State in Pitch Direction

Equations (8), (10), (11), and (12) directly give the first-order
partial derivatives of Wz’ W, and p with respect to y in terms

of the known quantities on the chosen (mean) streamline as follows:

oW aw ' a(pw,) 2
6§E = [azz + tan B % dzz:] cos B (13)
oW aw a(pW )
5yy = [%an B g - % dzzi} cos” B (14)
oW oW
1 0p _ 1 z y
i 72 (Wz S5yt ¥y 5y—> (15)
v (- %)

The second-order partial derivatives of Wz’ Wy, and p with

respect to y can be obtained as follows: Differentiating the con-
tinuity equation (1) with respect to y results in

P (pW,)  d%(oWy)

Sz ay + ayz = 0 (16)

. Equation (16) can be written through the use of relation (9) as

% (i) 3%(pW,) g O(eW,) |
J Z z7
——S;E—— - tan B ayz + EE ay = 0 (17)

which is expanded to obtain

2 2
O W oW oW oW o(pW
J % <} L2 9p y%) tan B + d (o Z) =0

dz = oy

(18)

2223
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From equation (10)

(19)

Differentiating the irrotationality equation (2) with respect to y and
using equation (9) yield

[\ 2 z
N O°W BW O°W.
o) Z d y
o = - tan p —2 (20)
ayZ dz 5 ay2
Substituting equations (19) and (20) into equation (18) results in
2 2
) Wy, 2 d(pw,) dp a W, tan 0 Wy con B+—q— o(pW,,) _
P 3y2 TP Tdz 3y P 3z oy dy2 a oy
Transposing and combining terms give
2
| ﬂl_ i?ﬁw__ap 14 BW 2 P W dp +tanBiaWyCOSZB
S - 3y T pdz \P 3y z 3y dz oy

(21)

After this equation is evaluated, the second partial derivative of W
with respect to y is obtained by using equation (20)

S W, azwy (o2)
= - tan B ——ZL a2z

A typical computation for these derivatives is presented in tables I
and II.

The second order partial derivative of p with respect to y is
obtained again from equation (12

2
;a_zozz_-x(apf_ 1 L g 2y +<awz)z+<awy>z
P dy2 o2 \9Y W2\ 752 Y 392 \3¥ . 3y
(v-1) HW"gr
* (23)

Third and higher order y-derivatives, if required, can be obtained
" in a similar manner. The complete variation of any fluid property gq
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across the channel can then be expressed by a Taylor's series in (y-ym)
from the various derivatives at the given streamline, such as the mean
streamline

y )2 /.2
a(y) = g + (-7 (%)m + (yzirm) @yg)

3 4
(y-ym) ( a3q> (y-¥m) 84(1)
. . . 24)
31 3 T <ay4 A * (

m

Determination of Blade Profile

The blade profile can be obtained by a consideration of mass flow.
At the chosen stations, mass flow across a constant z line from Y

to y is computed as a function.of y according to the following equa-
tion:

y
M= oW, dy (25)
ym

The variations of mass flow M and the magnitude of resultant velocity
W at each station are plotted against ¥y (fig. 2). Because the con-
dition on the suction surface is more critical than that on the pressure
surface, the blade shape on the suction side is determined first. From
the plot of mass flow against y, a number of ys's are chosen for a

number of mass flows in the neighborhood of one-half the inlet mass
flow, thus obtaining a number of suction surfaces. The corresponding
velocities on the suction surfaces are read from the velocity plots
(fig. 2). The one with the best velocity distribution is then chosen.
After the suction surface is selected, the pressure surface and its
velocity are determined in a similar manner by the total mass-flow
requirement. If the shape or thickness of the blade or the velocity
distribution on the blade obtained is not quite the one desired, the
shape of and the flow on the mean streamline can be modified accordingly
and the process repeated. Because each case takes a relatively small
amount of computation, this modification is practical. Systematic
building up of families of blades for various applications is also not

difficult.

The accuracy of the blade coordinates obtained depends mainly on
the accuracy of series representation and the accuracy to which the
partial derivations are evaluated. For high-solidity blades, such as
those investigated in reference 13, the first three terms in the series

2223
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will give sufficient accuracy. For low-solidity bladés, more terms may

. be required. It may be noted that accurate representation of the flow
variation by the series is difficult to achieve in the neighborhood very
close to the leading and trailing edges; but from a practical point of
view it is satisfactory to fair in the nose and the tail according to
some standard shape after the blade coordinates are obtained up to a
short distance away from these regions.

The application of this design method will be greatly aided by the
availability of detailed flow variations in typical bladings such as
those given in references 13 and 16. If a typical solution of the type
of blading to be designed is not available, either a direct problem may
be solved first, or even better, the accuracy of the inverse solution
can be ascertained in the manner described in the following section.

¢23e

Method of Checking Solution

The inverse solution obtained by this method can be very conven-
iently checked and improved, if necessary, by the relaxation method
utilizing the fluid state obtained in the solution. Inasmuch as the
velocities are available in the solution, the equation for irrotational
absolute flow (equation (A9) of reference 13) is now written as

24 3% dp d
i) (=)

The finite-difference form of equation (26) is then

n oo 2i x [ 1 & 1i . LA 1 '
1 1 J _ 1 k _
LyaB VL BV {(wy) 2By e - (i) Enskp]_o

2
o1 k=0 J=0 k=0
(27)

where the same notation used in reference 13 is employed. A grid
system is obtained by retaining the same z-stations used in the inverse
solution and dividing the pitch distance into an appropriate number of
divisions. The values of V¥, W, and p are most conveniently obtained
by reading off the plots of integrated mass flow M, W, and p at
each of the z-stations. The differentiation coefficients B's for
equally spaced grid points as given in reference 17 can be applied
throughout the domain for the present purpose by using the function
values which are inside the blade but at equal spacing from the points
! in the chaunel (the first and last rows in tables III and IV). If the
residuals obtained according to equation (27) require negligible change
in ¥, the solution is entirely satisfactory. If the residuals are
large enough to necessitate one cycle of relaxation, the net effect
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may be a slight change in the specified mean streamline flow and in the
velocity distribution on the resultant blade. If the residuals are so
large as to warrant a few cycles of relaxation, the flow variation for
this type of blading is established, which makes the design of other
similar bladings very simple. In general, for problems in which some
knowledge of the flow is available, no relaxation should be necessary
except, perhaps, near the nose and tail when accurate detailed velocity
distribution in these regions is desired.

Special Case of Incompressible Flow

When the density is constant, the channel width ratio P/(P-t) has
a relation to wz’m similar to the relation it has to (pwz)m in the

compressible case (reference 13). A number of values of W, are there-
fore prescribed at a number of chosen stations along the mean streamline
to lead to a desirable thickness distribution of the blade. The solu-
tion of the incompressible problem continues in generally the same
manner as it did for the compressible case with considerable simplifi-
cation in the series terms and the integration process. In the incom-
pressible case, of course, equations (12), (15), and (23) relating op
and the velocities are unnecessary.

The first- and second-order derivatives expressed by equations (13),
(14), (21), and (22) for the compressible case are simplified to:

OW aw. aw

yy = <tan B #’ - ‘a‘Z—Z>C052 B (28)

oW aw aw

B_—yz -_-(d—zy + tan B a—z—z-> cos® B (29)
%W oW (aw >

v _ a(y)y_ &( "= 2
gy—z—— = [tan B az (gy—‘> az 6;— coOs B (30)
and

2 .2

3, 4 <awy < 3 wy>

— = L \55/ - ten B\ —~ (31)

for the incompressible case. The equation for obtaining mass flow

' y
becomes M = p\J“ W, dy.

Im

2223
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TIllustrative Examples

The procedure outlined in the Preceding sections has been applied
to the design of several highly cambered thick turbine blades for either
compressible or incompressible flow.

First and second examples. - In the first example, the shape of the
mean streamline and the variation of axial velocity obtained in the
incompressible solution of the blade given in reference 13 are taken
as the specified values in order to determine whether the original

»blade will be reproduced. The shape of the mean streamline is shown in

figure 1 and the thickness distribution of the blade is shown in fig-
ure 3. As a further check of the method, the z-stations chosen in this
calculation correspond to every other z-station used in reference 13,

so that the velocities obtained along these stations can also be com-
pared with the solutions obtained in reference 13. The given quantities
were inlet angle By, 41° 18'; exit angle Be> -520 57'; axial chord

L, 1.5 inches; and pitch P, 1.017 inches.

The same data are used in the second example in which a compres-
sible solution for an inlet Mach number of 0.42 is obtained. The axial-
velocity variation on the mean streamline used in the first example is
now taken as the specific-mass-flow variation on the mean streamline.
This example is presented mainly to illustrate the difference in incom-
Pressible and compressible solutions for the same mean streamline shape
and the same ratio of specific mass flow.

The complete computation for the flow on the mean streamline and
the determination of the first- and second-order derivatives of WZ,
W&,v and p in the pitch direction at the mean streamline for these
two cases is given in tables I and II. Only three terms in the series
are used because the direct solutions given in reference 13 indicate
that they will be sufficient for engineering accuracy. The central-
point fourth-degree differentiation formula is used at the regular

stations 23 to 216' Because the first and last stations inside the

channel employed in reference 13 are not close enough to the leading

and trailing edges, respectively, two extra points are computed at
stations 6.75 and 12.25 by the use of the unequal interval differen-
tiation formula given in reference 18. These two points are so desig-
nated because they are located at a distance of a quarter of the regular
spacing away from stations 7 and 12, respectively. This combination is
unnecessary for other cases.

The velocities and the densities used in the calculatioh are non-
dimensionalized as follows:

/
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* Wz
wz =W .
z,1
W
W ¥ ==Y
y Wz,i
* p
p- =
i
The mass flow Mf, being divided by Pin 17 has the dimension of
length: ?
M*=———-———€?
Py z,1

For the compressible case, the ratio of H, to Wz,iz is equal
to 25.78, which is the value used in the construction of the two density
graphs involved in the calculation, the reduced versions of which are
shown in figures 4 and 5.

The values in columns 2, 5, 8, 9, 12, and 13 of table I and 7, 8,
13, 14, 22, and 23 of table I1 are used to compute the variation of WZ
and W in the pitch direction by the power series. The calculation

of density follows directly as does the integration across the channel
for mass flow, the mass flow being determined numerically. Because the
specific mass flow pw, was made dimensionless with its inlet value,

the numerical value for the mass flow is equal to the pitch, the height
being considered unity. This indicates that the integration for mass
flow along the pitch direction starting at the mean streamline was con-
sidered to be complete in elther the plus or minus direction when a
value equal to one-half the pitch distance or one-half the total mass
flow was reached. Thus the channel flow and the blade coordinates

were obtained. This calculation at one station, 10, is shown in
tables IIT and IV for the two cases, respectively.

The blade profile obtained by interpolating Vs and Yp for

one-half of the inlet mass-flow value is shown in figure 6. Because of
the same mean streamline shape and the same variation of specific mass
flow on the mean streamline prescribed in the incompressible and com-
Pressible cases, the blades obtained for these two cases look quite
similar except that the compressible one is somewhat thicker and the
suction surface of the compressible solution is situated farther from
the given mean streamline; these results are consistent with the direct
solutions given in reference 13. The velocities obtained in the two
cases (fig. 7), however, are quite different. Those in the compressible
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solution are, in general, higher than those in the incompressible case,
principally because of the high velocity on the mean streamline result-
ing from the use of the same (pWZ)m and a decreasing p along the

mean streamline in the compressible case.

The blade coordinates obtained in the incompressible solution are
compared with those of the original blade in figure 8. The velocities
at the six regular stations in the channel are compared (figs. 9 to 11)
with the values obtained in the relaxation solution of the original

‘blade reported in reference 13. These four figures show that, in

general, the present solution is satisfactory. The relatively large
differences near the leading and trailing edges are partly due to the
inaccuracy in the second-degree polynomial approximation in the present
calculation and partly due to the inaccuracy of the numerical solution
obtained in reference 13 caused by the relatively coarse grid used in
these regions.

As a check of the consistency of the solution, an integration of
the velocity along the blade profile obtained in the same example was
made and compared with the circulation value computed from the inlet
and exit tangential velocities and the pitch. The two are 1n agreement
within 1 percent.

Third and fourth examples. - In the previous two examples, the mean
streamlines and specific-mass-flow distributions prescribed were not
entirely arbitrary, having been obtained from the results of a direct
problem for incompressible flow. The possibility of obtaining an
unrealistic blade shape was, for this reason, largely eliminated. Con-
sequently, in order to give the method a still more rigorous test, the
thickness distribution (fig. 12) and mean blade line (fig. 13) for the
hub section of an experimental cooled turbine blade were arbitrarily
chosen from which a mean streamline and specific mass flow were estima-
ted by means discussed in the section "General Description of Method."

In addition to the mean blade line and thickness distribution, the
following data were used: inlet Mach number, 0.42; inlet angle, 56.20;
exit angle, 42.7°; axial chord, 1.8 inches; and pitch, 1.176 inches.
The mean blade line was faired into the inlet and exit directions
(fig. 14) with modification to obtain a mean streamline according to
the information obtained for a typical turbine blade in reference 13
(see fig. 8). The thickness distribution was used to obtain the
specific-mass-flow distribution along the mean streamline (dashed curve
in fig. 15) according to results obtained in reference 13. After the
flow on the mean streamline was calculated, it was then extended out
from the mean streamline across the channel by means of power series as
before. :

Both compressible and incompressible solutions were completed, the
incompressible case being considered first because of its relative
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simplicity. The results of the incompressible case served as a guide to
obtaining better prescribed values for the compressible case. The blade
obtained in the incompressible solution has a slightly higher thickness
distribution than was wanted and, because results obtained in the first
two examples indicate that the compressible blade will be thicker than
the incompressible for the same specific-mass-flow distribution, this
distribution was depressed by a linear proportioning (fig. 15) in order
to obtain better starting values for the compressible case and conse-
quently a thinner blade (fig. 14). The same mean streamline numerically
smoothed to give small fourth differences was used. in both cases.

As a check of the accuracy of the last solution, a grid having the
same spacing in the z-direction used in the inverse solution (0.18) and
a grid spacing of 0.147 in the y-direction is chosen, and the residuals
at the grid points are computed according to equation (27) using the
central point second-degree differentiation formula. As shown in
table V, the residuals are rather small when they are compared with the
magnitude of the coefficient at the points (-154.3). As an indication
of the percentage error in the velocity, these residuals are first
divided by -154.3, resulting in an approximate change in the V value
at each point. Then the probable error in BW/By or pWZ is calcula-
ted. The result is shown in table VI, which indicates that the solution
obtained is sufficiently accurate for ordinary purposes.

DESIGNING BLADES FOR COMPRESSIBLE FLOW ALONG ARBITRARY
STREAM FILAMENT OF REVOLUTION
Basic Relations

The blade design method presented in the section "Designing Blades
for Compressible Flow in Plane or on Cylindrical Surface" can be very
easily extended to the more general case of flow along an arbitrary
stream filament of revolution having a varying normal thickness
(fig. 16). When only an average value in the stream filament of revolu-
tion, as represented by the flow on the mean stream surface of revolu-
tion described by a set of orthogonal coordinates 1 and @ (fig. 16),
is considered, the equation of continuity for steady relative flow and
the equation of irrotational absolute flow are given in reference 13 as
follows:

B(TpWZr) B(prp) -

5t 5% (1)

+ 2 + 20 sin 0= 0 (2")

2223
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where primes in equation numbers indicate equations similar to those of
the cylindrical case.

When the fluid flow along a streamline S(1,%) = 0 on the mean
surface of revolution is considered, it is convenient to write any
quantity q on S as a function of 1 only. Then the total deriva-
tive of g with respect to 1, following the streamline, is

dg _9q , 9q

dq
a3t

+

Rl

W
® _9q , tan B og '
T oot T 0% (1)

A&

4o _
a -

&l
&l

when

W
tan B = ﬁQ =r &
1

‘When the preceding relation is used, the continuity and irrotationality

conditions can be written as

a(ToW,r) d(ToeW,)  d(ToW,)
— 1 -’ P \
3 - tan 5% + 5% =0 (10")
and
aw oW oW W
_9 1 I tan B @ @ . _ .
T - acp+<r+2“’ sin 0 = O (ll),

The variation of density throughout the flow region, in general,
is obtained from the velocity by using the following equation:

1_
-1

2
I+ % wzrz - % W
= h (12')

1

p* =

L
Py

In order to obtain the density on the starting (mean) streamline, equa-
tion (12') is written in the following form (compare with equation (7a)
of reference 13):

(12a')
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and
T+1

2 122\ 1-1
O = (oM. * )2 W,1 <I+§wr>
= (P77 sec B) \71g by

Once the general relation between I and ¢ is available, the evalua-
tion of p* for certain given values of p*Wl* sec B along the chosen

(mean) streamline is made simple if auxiliary tables or graphs giving
2 1+1

-1 -1
I+ 1 wzrz W .2 I+ 1 wzrz
2 and i, 2 as functions of r
h. 2 hi h.

1 1
are first obtained.

The determination of the flow along the starting (mean) streamline
(fig. 17) proceeds very much the same as in the case of plane flow or
flow on a cylindrical surface. The shape of the streamline gives
sec B. The variation of p*WZ* is obtained from the blade-thickness
variation along the mean surface of revolution as follows: If the
value of sz on the mean streamline represents its average value in

the circumferential direction

T(oWy ) (P-t) = (ToW;P) 4 (32)
But
P. r,
1 1
T=T (33)
hence

oWyn
(ToWw,r); Pt (34)

Although there is always some deviation from this simple relation,
especially around the leading and trailing edges, a relation between the
two terms in equation (34) similar to that between (p*W *)  and

2223



€22

NACA TN 2455 19

P/ P-t 1n the previous cylindrical case can be expected. Then, from
T*p* W I‘ﬁ (p*wl*)m. is calculated and combined with sec B from

which pm is obtained by equation (12a'). After

1s determined,
* * . .
wl,m and then wﬁ%m. are easily calculated.

*
pm

Variation of Fluid State in Pitch Direction

The first-order partial derivatives of W

77 qu and p with
respect to ¢ are readily obtained from equations (lO'), (ll‘), and
(12') as:

a( ToW,r)
, tan B 1 . a '
8—— [: o 1) + (WCp + 2wr) sin %J cos B (13'")
aw - a(Tpw,r)
= @ i S a
5%3 _{ ‘:r -+ (ch + 2wr) sin 0] T 53 }cos B
(141)
oW oW
1 dp 1 < 1 >
== - W + Vi (15")
PO T () (T + 5P - -]2:w2> Low P

‘In a manner similar to that of the case of plane or cylindrical
flow -the second-order partial derivatives of WZ’ Wy’ and p are
obtained as follows:

) To
oW oW 2
tan B \r = 3%? + sin 0 55/ f cos B (21")
2 2
oW o oW, oW,
1 d '
SE;?'— o 5o - en B S&f% +sin 0 oo (22
iﬁ=ﬂ<apz_
Pl o 3
2
W d°W W, \% /AW \?
- Ty | M 21+qu—§3+<5—1> +< >
(- )( +§CDZI'2-'§W) Bcp op ® ®
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After the variation of fluid state in the circumferential direction
is determined, the mass flow across a constant 1 1line from @ to @
is computed by n

o
M=rT pW, d® (25")
, %,

from which the blade coordinates are determined as in the previous case.
If checking is desired, the following equations are to be used:

W

BZW sino JdlnTio¥W 1 ] < dp 1 Jp .
az ( T - 33 >z+—-2-—$2— V&g—-?m+2¢bp51nc =0
(26')
No2d
n .
2 i sin o O 1n T\* L.il.J Pk k
}:ElBj+(r - az)iBj]“’JfZ Vo
J=0 k=o(r)
e g (M) Bk i
T Ww > %B} pJ-<;;> ;Z: iBi p + 2w(p sin o) [= O
J=0 k=0
(27')

where the same notation used in reference 13 is employed.

SUMMARY OF RESULTS

A rapid method for designing turbomachine blades of a given turning
and a desirable blade-thickness distribution for a compressible non-
viscous fluid flow along an arbitrary stream filament of revolution is
presented. The method utilizes the guiding effects of the blade shape
on the mean streamline shape and of the blade thickness on the specific
mass flow along the mean streamline. After the flow on the mean stream-
line is determined, the extension of the solution from the mean stream-
line to the blade surfaces is accomplished by the use of a power series.
A number of blade profiles are obtainable for the total mass-flow
requirement, and one is chosen for the best velocity distribution on the
blade. The results obtained in the solution can be used for a direct
check on the accuracy of series approximation and, also, for the more
accurate determination of the velocity distribution along the leading
and trailing edges of the blade.

2223
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The method is illustrated with the design of several cascades of
airfoils. In each case either some indication of the accuracy of the
solution is given or the relation between the incompressible and com-
Pressible problems are shown. In the first case, the results obtained
in an incompressible direct solution were used as prescribed values for
the inverse problem to show that the original blade can be relatively
easily reproduced with adequate accuracy. The variation of the velocity
and its components across the channel was shown to compare favorably
with those obtained in the direct solution and an integration around
the blade for the circulation checked with that obtained from inlet and
exit values within 1 percent. In the second problem, the same mean
streamline and specific-mass-flow distribution along it were used; but
this time the density was allowed to vary as in compressible flow and a
comparison was made between the blades obtained in the first two cases.
In the third and last problem, an arbitrary mean streamline and specific-
mass-flow distribution were chosen, the blade obtained, and the solution
checked by calculation of the residuals as in a direct relaxation solu-
tion. Because the residuals were small the solution was considered to
be reasonably accurate. A computation designed to give some indication
of the accuracy of the velocities by dividing the derivative of the
error in the stream function V by the derivative of Y itself showed
them to be accurate generally within 1 percent except near the blade
boundaries where an end-point formula was necessarily used to obtain
derivatives.

Because the surface of revolution, on which the blades are located,
is completely arbitrary, the method can be applied to axial-flow, radial-
flow, and mixed-flow turbomachines. The variation in the normal
distance between the stream surfaces of .revolution can be taken into
account, thus incorporating into the design the principal effect of
three-dimensional flow. The method is readily applied to the design of
channels on a plane and on a general surface of revolution.

Lewis Flight Propulsion Laboratory,
National Advisory Committee for Aeronautics,
Cleveland, Ohio, May 31, 1951.
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TABIE V - RESIDUALS OBTAINED IN COMPRESSIBLE SOLUTION OF THIRD EXAMPLE

¥ Z| 0.18 0.36 0.54 0.72 0.90 1.08 1.26 1.44 1.62 1.80

1.176 0.2093| 0.7716|-0.0361|-0.2726| 0.0989
1.029|-1.2212| - .1610 .3052 .3007 .1913 .1127| 0.0752|-0.4316} -0.0797
.882)-1.0128| - .2084 .1641 .0091 L1671 L0279 - .3206 .2230| -~ .2538(-0.2408
L7351~ .3648 .2068|- .0093|- .1896(- .1197 .1168| - .2642{- .1612|- .1942 L3271
.588 .1086 .2642 .0211|- .0233 .2706 .0586 .5123 1244 .1099 L4335
.441|- .3708|- .3869 .6299(- .1013|- .1494 .0229| - .0189|- .9797 .0698 .2336

.294|- .5373 - .0003 .2631|~ .2363|- .3507
147 - .4918 .0368
0 .3491

TABIE VI - ESTIMATED PERCENTAGE ERROR IN Oy/dy or oWy

y~Z| 0.18 0.36 0.54 0.72 0.90 1.08 1.26 1.44 1.62 1.80

1.176 -0.01005|-0.01217{ ©.01223| 0.01342{ 0.00119
1.029|-0.00022| - .00771|- .01115 .00081 .00779 |- .00128| 0.01148| 0.02231 |-0.00597
.882 .01599 .00644| - .00541 .00830| - .00524|- .00392|- .00599 .00498 |- .00226| 0.01664
.735 .01997 .00785| - .00228{~ .00051 .00162 .00049 .01381 .00177 .00691 .01366
.588| - .00010} - .00952 .00941 .00128{ - .00043 .00210 .00393 .01441 .00496{~ .00190
.441| - .00107|- .01544 .01228 .00268|- .01121|- .00199|- .00795 .00236 |- .00650|- .01598

.294) - .00015 .00437 .04036 |- .01052|- .00394
147 - .00432 .01379
0 .00555
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Figure 2. - Determination of blade coordinate and velocity on blade.
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Figure 4. - Variation of p* with (p*Wy sec B)2 in accordance
with equation (12b).
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equation (12)



NACA TN 2455

35

NN) 2.0
8 . T
a8 L NACA.~ -
1.6
1.2 d
1 4
y .8 TeiEs
.4 z
g Solution LN 2
(o2 ——O—— Compressible ]
£ - ~0— — Incompressible
{ ! i
T8 -.4 0 4 .8 1.2 1.6 2.0
2z

Figure 6. - Inverse solutions for compressible and incompressible flows.
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Figure 8. - Comparison of incompressible solution with
original blade.
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Relaxation solution
(reference 13)
o) Present value
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Figure 9. - Comparison of axial velocities. Vertical lines are stations.
Using scale, read horizontal distance from station to corresponding
curve to obtain velocity.
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Figure 10. - Comparison of tangential velocities. Vertical lines are stations.

Using scale, read horizontal distance from station to corresponding curve to

obtain velocity.
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Relaxation solution
2 (reference 13)
o) Present value
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Figure 11. - Comparison of resultant velocities. Vertical lines are stations.

Using scale, read horizontal distance from station to corresponding curve to
obtain velocity.
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Figure 12. - Blade-thickness distribution.
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Figure 13. - Desirable mean blade line and corresponding
blade shape.
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Figure 14. - Mean streamline shape and resultant blades.
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Figure 15, - Channel width ratio and specific mass flow along mean streem line used in incompressible and

compressible solutions.
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Figure 17. - Blade section on arbitrary surface of revolution.
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